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1 Introduction 

In recent years the study of twistor theory has been undergoing a renaissance, follow- 
ing work by Witten (see ref. [1]). One of the highlights of these recent developments 
was the construction in the M = 4 super- Yang-Mills theory of a supersymmetric 
non-Abelian Wilson loop by Mason and Skinner in ref. [2] (the space-time version of 
this supersymmetric Wilson loop was constructed independently by Caron-Huot in 
ref. [3]). 

The computation (see refs. [2, 3]) of these supersymmetric Wilson loops on polyg- 
onal contours, revealed that - in the planar limit - they reproduce the planar limit of 
scattering amplitudes. This supported earlier observations linking polygonal Wilson 
loops in M = 4 in the planar limit and MHV scattering amplitudes [4-14]. Remark- 
ably, the equivalence between scattering amplitudes and Wilson loops is supported 
by strong coupling computations as well [15, 16]. In ref. [17] it was shown using the 
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loop equations satisfied by the supersymmetric Wilson loops that their integrand sat- 
isfies the same recursion relation as the loop level extension of the BCFW recursion 
presented in ref. [13]. 

Another natural class of observables are correlation functions of local gauge- 
invariant operators. The n-point correlation functions depend on n coordinates 
and in the light-like limit when xf i+1 = they simplify dramatically. In a series 
of papers [18-22] Alday, Eden, Korchemsky, Maldacena and Sokatchev have shown 
that in this light-like limit one can also extract the same information contained in 
the scattering amplitudes and in the Wilson loops. An understanding of this new 
equivalence from the twistor point of view was provided in ref. [23] by considering 
correlation functions of Konishi operators. 

One of the striking features of the correspondence between correlation functions 
and chiral supersymmetric Wilson loops or scattering amplitudes is that the correla- 
tion functions need to be chirally projected in some way. As a consequence a lot of 
information contained in the correlation functions is lost. After this projection, part 
of the manifest symmetry of the correlation functions (like the antichiral Q super- 
symmetry) becomes anomalous. A proposal for the anomaly of the Q operator has 
been put forward in refs. [24, 25]. 

We may also try to define nonchiral supersymmetric Wilson loop as it was pro- 
posed in ref. [26]. The construction of such a nonchiral supersymmetric Wilson loop 
was completed and studied in refs. [27, 28]. It turns out that nonchiral supersym- 
metric Wilson loops would most naturally be formulated in ambitwistor space, but 
ambitwistor theory is poorly understood. 

We are therefore led to consider other nonchiral formulations of M = 4 super- 
Yang-Mills theory. One such nonchiral formulation is the M = 3 theory of Galperin 
et al. [29]. Before we start discussing this theory let us discuss the simpler example 
of selfdual M = 4 super- Yang-Mills. 

In ref. [30] an off-shell action was written for the selfdual M = 4 super- Yang-Mills 
of Siegel [31]. The Lagrangian of ref. [30] has the form 



where A ++ and A +a are two fields and D +a and D ++ are the derivatives. This action 
can be written in a better way, by introducing two vielbeine e~ a and e to form a 
one-form connection 




(1.1) 



A = e— A ++ + e~ a A 



(1.2) 




(1.3) 




(1.4) 
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which reproduces the previous one in components. This reformulation is implicit 
in ref. [1], for example (see also ref. [32] where the action in terms of component 
space-time fields was worked out). 

In ref. [29], a similar action was found for the full M = 4 theory which exhibits 
M = 3 supersymmetry off-shell. That action is more complicated. Its Lagrangian 
reads 

tr^ 2 '- 1 )^- 1 ' 2 ^ 1 ' 1 ) - £) (1,1) A( -1 ' 2) ) - 4(-i,2)(£>(2,-i) A (i,i) _ D (i,i) A (2,-i) )+ 
A (i,i)p(2,-i) A (-i,2) _ £(-1,2)^(2,-1)) _ (A (i,i ))2 _ 2A^[A^- 1 \A^]) ) (1.5) 

where A^ 2 ~ l \ A^ 1 ' 1 ^ and A^~ 1,2 ^ are three dynamical fields and D^~ l,2 \ D^ 1 ' 1 ) and 

£(2,-1) 

are three derivatives. This action has some of the expected features of a 
Chern-Simons action, like being cubic in the fields and first order in derivatives, but 
it also contains a slightly puzzling term like (AA 1 ' 1 )) 2 , which is quadratic but does 
not have any derivatives. 

One could solve for the field A^ 1,1 ) by using its equations of motion and plugging 
the solution back in the action, but this would lead to a more complicated action 
which is quartic in the fields (see ref. [33, chap. 12]). Therefore it is preferable to 
keep AC 1 - 1 ). 

We will show that the origin of the puzzling term (A^ 1 ' 1 )) 2 is in the torsion of the 
coset SU(3)/(U(1) x U(l)). Schematically, the reason is as follows. We can define a 
connection 

A = e^A^ + eC- 1 '- 1 )^ 1 ' 1 ) + e^" 2 ^" 1 ' 2 ), (1.6) 

where e^ -2,1 ), e' -1 ' -1 ) and e^ 1 ' -2 ^ are one-form vielbeine and we can also define a 
differential 8 by 

8 = e (-2,l) jD (2,-l) + e (-l,-l )jD (l,l) + e (l,-2 )jD (-l,2)_ 

When computing dA, the differential d can act on the component fields in A, 
but also on the vielbeine e^ _2,1 \ e*" 1 '" 1 ) and e*- 1 '" 2 ). As we will show, the torsion 
makes the action of 8 on the vielbeine non-trivial 

&,(-!,-!) = _ e (-2,D A e (l,-2) ) Be (l,-2) = 0> g e (-2,l) = Q (Lg) 

With these preparations, the Lagrangian can be written as a holomorphic Chern- 
Simons Lagrangian 1 

tr (^AdA+^AAAAAj . (1.9) 

When written in components the Lagrangian above matches the one in eq. (1.5). We 
have not been able to find this formulation anywhere in the literature. 

-'In order to obtain the Af = 4 theory in (3,1) signature a reality condition must be imposed on 
the connection A, as we will discuss below. 
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We should note here that even though the M = 3 Lagrangian looks the same 
as the one for the M = 4 self-dual theory, the interpretation is different since the 
one-forms A are defined on a different space and the d differential is defined in a 
different way. However, either way, only three gauge fields are necessary to fully 
describe M = 4 super Yang-Mills theory. 

Besides its simplicity, the formulation as a holomorphic Chern-Simons theory 
has the advantage of emphasizing the underlying geometry of the problem which 
is helpful when understanding symmetries. As an example, under superconformal 
transformations the components A^ 2 ~ l \ A^ 1 ' 1 ^ and A^~ 1 ^ of the connection A mix 
among themselves but the one-form A just transforms by a Lie derivative (see sec. D). 
Also, when computing the propagator, it will probably be best to compute (A^A^ 2 )) 
instead of two-point functions of component fields. 

The paper is organized as follows. In sec. 2 we present the general philosophy 
behind the harmonic superspace constructions in the general setting. In sec. 3 we 
review the construction of the M = 3 theory based on the SU (3) /(U(l) x U(l)) coset 
and we present its formulation as a holomorphic Chern-Simons theory. In sec. 4 we 
present the self-dual theory, mostly in the language of ref. [30] and make contact 
with the twistor constructions. In the next section 5 we review the construction of 
super Wilson loops. These last two sections do not contain anything new, but they 
cover useful background for the construction of local operators in sec. 6. We end 
with conclusions and a number of appendices. 

2 General philosophy 

Before we go on to discuss concrete examples, let us describe the basic strategy in 
the harmonic superspace constructions. To start, we need to pick a superspace which 
contains space-time and some odd coordinates. Then, as usual, we introduce super- 
symmetry covariant derivatives. In gauge theories to each of these supersymmetry 
covariant derivatives corresponds a gauge covariant derivative. In other words, we 
introduce gauge connections for each supersymmetry covariant derivative. 

From the gauge covariant derivatives we define curvatures, or field strengths, 
paying attention to subtracting the torsion terms, which appear in superspace. It is 
well-known that these field strengths satisfy some constraints. In cases with max- 
imal (or near maximal) supersymmetry like M = 4 or M = 3 for four-dimensional 
Yang-Mills, these constraints are so strong that they imply the equations of motion. 
Said differently, when we have a lot of supersymmetry, the action is uniquely deter- 
mined. 2 Then we can work out the action of supersymmetry on fields, which turns 
out to be nonlinear. Moreover, in the most interesting cases the supersymmetry 

2 Up to terms which are supersymmetric by themselves and which do not contribute to the 
equations of motion, like J ti(F A F) for Yang-Mills theory. 
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algebra only closes on-shell which makes it difficult to work out the consequences of 
supersymmetry. 

The harmonic superspace approach attempts to introduce auxiliary fields such 
that (at least some) supersymmetry is realized linearly and off-shell. The construc- 
tion proceeds by introducing extra bosonic coordinates u, which parametrize a coset 
G/H. In fact, space-time and superspace can themselves be written as cosets. Stan- 
dard methods allow us to compute covariant derivatives on G/H. Then, it is sensible 
to think of the theory as living on a bigger space so the gauge connections depend 
on the extra variables u. 

The next step is to make a change of coordinates on this bigger space such that 
the constraints discussed above take a simpler form. From the covariant derivatives 
defined beforehand, we need to pick an integrable distribution which implies the con- 
straints. A distribution is generated by a set of vector fields (or derivation operators) 
whose commutator is expressible in terms of themselves. The distributions we will 
work with contain both Grassmann even and Grassmann odd elements. In favorable 
cases the constraints imposed by the Grassmann odd elements of the distribution can 
be solved by restricting the dependence of the connection on the odd coordinates. 
The simplest example of this phenomenon is the case of chiral fields where the con- 
straints are Dip = 0. After solving these easy constraints, we are still left with some 
more. These remaining constraints will be interpreted as the equations of motion of 
a new action. 

The integrable distribution mentioned above generates a CR 3 structure. CR 
structures are central in harmonic or twistor constructions. We present a short 
discussion of CR structure and work out some explicit examples in sec. C. 

The strategy we have presented can be turned around in the following way. We 
take as a starting point a symmetry group G, for example SU(2, 2|3). Then, we look 
for a manifold M with a CR structure defined by an integrable distribution L of even 
rank three and arbitrary odd rank k. The manifold M and the CR structure should 
be such that the group of diffeomorphisms of M which preserve the CR structure is 
isomorphic to the symmetry group G. 

Finding a manifold M with a CR structure which is preserved by G is not nec- 
essarily straightforward, but it can be suggested by the usual analysis of constraints. 
Using this data we build a field theory of a connection A on M which is holomorphic 
Chern-Simons, and which has the right symmetries. 4 In interesting cases like M = 4 
super- Yang-Mills the symmetry group determines the theory completely. Then we 
are left with the challenge of writing the local space-time operators in terms of the 
connection A. They will necessarily depend on A in a nonlocal way. Ensuring the 
correct gauge transformations is a useful constraint in this construction. 

3 CR stands for Cauchy-Riemann or Complex-Real, according to taste. 

4 The only issue that can arise is in denning the integration measure for the Lagrangian in a way 
which preserves the symmetries, but usually this does not pose a problem. 
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3 M = 3 theory as holomorphic Chern- Simons 



The presentation in this section is, up to a point, heavily inspired by the book [33] 
by Galperin et al. whose conventions we adopt. The original construction of off-shell 
M = 3 action was done in ref. [29], but with slightly different notations than in [33]. 

The M = 3 theory in four dimensions is defined on a superspace with coordinates 
z = (x, 6, 6), where the odd coordinates Of transform as 3 under SU(3) R symmetry 
group and 8 m transform as a 3. The supersymmetry covariant derivatives are denoted 
by D l a , D ai and D aa , with an algebra 



{££,Dj} = 0, {D*i,D $j } = 0, {D l al D aj } = -2z6 i J D aa . (3.1) 



For each supersymmetry covariant derivative we introduce a connection and 
we define supersymmetry and gauge covariant derivatives T> = D + A. On these 
derivatives we impose the constraints 



{V a , V^} = e aP W ij , {V ai , V $j } = e. $ W ih {V a , V aj } = -2i5p aa . (3.2) 



We have the following reality conditions (T> a y = V ai , (V aa y = —V aa and (W^Y = 
. The superfield W 1 ^ is antisymmetric, = —W^ and by the reality conditions 

it is the only independent curvature. It is well-known that these constraints describe 

A/" = 3 super Yang-Mills theory. 

These constraints can be rewritten in an equivalent way by introducing two 

SU(3) triplets: transforming in the 3 of SU(3) and rf transforming in the 3 of 

SU(3) and such that ^Tf = 0. Using these variables, we can define T> a = £,{D l a and 

T> a = r\ % T) ai . The constraints then become 



The triplets £ and r\ are defined up to a rescaling so (£77) G Q C CP 2 x CP 2 , 
where Q is a quadric defined by ^rf = 0. The space Q is six (real) dimensional. We 
note here that this is very similar to ambitwistor space, which is defined as a quadric 
in CP 3 x CP 3 . 

We can also show that £ and r\ parametrize a coset SU(3)/(U(1) x 17(1)). If we 
start with £ and rj, we form a 3 x 3 unitary matrix u of unit determinant, 



where |£| 2 = £ • £ and similarly for 77. However, if we take £,77 G CP 2 , then we see 
that under £ — > ^e 1 ^ 1 , 77 — > rje 11 ^ 2 , the matrix u is not invariant. In order to obtain 
invariance we need to identify the matrices obtained by these rescalings, which can 
be achieved by taking the coset by this £7(1) x £7(1) group. 



{V a , V p } = 0, {V a , Vp} = 0, {V a , Vp} = 0. 



(3.3) 




(3.4) 
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Figure 1. The fermionic derivatives and their U(l) x U(l) charges. The boxed generators 
are the odd generators of the distribution. 



We can decide to work with the variables (£, 77) or work with the matrix u G 
SU(3). In the following we will work with the matrix u. We denote the matrix 
elements by uj, with i = 1,2,3 and I is labeled by the U(l) x U(l) charges / = 
(1, 0), (0, —1), (—1, 1). Sometimes it is convenient to use a shorter notation where / 
range over 1, 2, 3, with the understanding that these labels correspond to the charges 
(1,0), (0,-1), (-1,1). Since u e SU(3), we also have (uj)* = u\ and detuj = 1. 
Using u's instead of (£,77), the constraints can be written 

{V^\vf 0) ) = 0, {Vf l \f>f l) } = 0, {V^\vf l) } = 0. (3.5) 

We can now define covariant derivatives on the coset SU (3) / (U (1) x U(l)). They 
are computed in detail in sec. B so we will only list them here 

n(-2,i) _ „.3 JL n(-i -i) - v 2 — n(-i.2) _ 3_^_ ,0 6 \ 

u ~ Ui duy - ~ Ui d U y ~ u *dur [ j 

n(i -2) _ ? .2_^_ D (i,i) _ ? .i JL n^" 1 ) - v 1 — (3 7) 

u ~ u *dur ~ Ui duf ~ Ui duf [6J) 

The algebra of the superspace covariant derivatives Va'°\ T>& and the SU (3)/(U(l)x 
U(l)) covariant derivatives listed above can be easily computed. We only list the 
ones which are relevant for us later 

^(2,-1)^(1,0)] = 0, [D^ 2 \V^]= 0, [D^\V^] = 0, (3.8a) 
[^(2,-1)^(0,1)] = Qj [jD (-i,2) ; p(o,i) ]= Q) [£(1,1)^(0,1)] = o. (3 . 8b) 

Up to now all the gauge connections were independent on the variables u. We 
can introduce gauge fields A^ qi ' q2 ' and construct gauge covariant derivatives T>( qi ' q2 ' = 
£)(?i,92)_|_^4(gi,92)_ YY e w jj[ a i so allow the gauge connections to depend on u. Of course, 
the connections A^ qi,q2 ' are flat so the algebra of gauge covariant derivatives T>^ qi,q2 ' 
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is the same as the algebra of covariant derivatives D^ quqa ^ (see eq. (B.51)) 

^(-2,1)^(1,-2)] = pC-1,2)] = p(-2,l) ; (3 9) 

[ 2? (l,l) j £,(-2,1)] = p (-l,2) ) ^(-1,2)^(2,-1)] = p(l,l) ; (3 1Q) 

[ X) (l,-2) ) £>(!,!)] = ^(2,-1)^ [:D (2,-1) ) £,(-1,-1)] = p(l,-2) < (3.H) 

After covariant izing the harmonic derivatives, we should replace them in eqs. (3.8) 
by their covariant versions. 

Now we pick an integrable distribution 5 generated by T>a'°\ T>^ ,1 \ T>^ 2 ~ 1 \ 
X)(-!>2) anc [ 2}(bi)_ All the (anti)-commutators of these derivatives are zero with 
the exception of [XH -1 ' 2 ), XH 2 ' -1 )] = Z^ 1 ' 1 ). As we mentioned before, the constraints 
involving the fermionic covariant derivatives can be solved by going to a gauge 
where their connections vanish (which is possible because they are flat). Then, 
the constraints involving even and odd derivatives can be solved by taking the 
connections A^ 2 ' _1 \ A* -1,2 ) and A^ 1 ' 1 ) to depend on a restricted set of variables 
z = yxA,9a' l \ Oa' 1 ^ , 9&'°\ 9& M ) ' where xa is such that Da^x^ = and 

Df l) xf = 0. Finally we are left with three constraints, arising; from the harmonic 
derivatives. 

These constraints can be written explicitly and an action from which they follow 
as equations of motion can be found. However, and this is where our approach differs 
from the usual treatment, in order to get the holomorphic Chern-Simons action, we 
will think of these connections as components of a differential one-form, defined as 

A = e (-2.1) A (2,-l) + e (l,-2)^(-l,2) + e (- 1 ,-l) A (l,l) j (3 12 ) 

where e^ _2,1 \ e*- 1 ' -2 - 1 and e^ -1 ' -1 ) are vielbeine dual to the covariant derivatives D^ 2 " 1 ^, 
.D*" 1 ' 2 ) and D^ x,1 \ respectively. They are computed in sec. B, but we also list them 
here for convenience: 

= tf.dul = uldu 2 , e*- 1 '" 1 ) = u\du 2 . (3.13) 

We call the p- forms which can be decomposed only on e^~ 2,l \ e^~ 2 ^ and e^ -1 ' -1 ), 
(0,p) forms. For example, the connection A defined in eq. (3.12) is a (0, 1) form. 

The next ingredient we need is a Dolbeault operator 8. For a CR manifold there 
is a standard construction of a Dolbeault operator, described in sec. C. When acting 
on (0,p) forms, 6 the Dolbeault operator d can be taken to be 

8 = e (-2,l) jD (2,-l) + e (l,-2 )£) (-l,2) + e (-l,-l )jD (l,l)_ ( 314 ) 

5 This choice is not unique. However, it doesn't seem to be possible to choose a basis of commuting 
vectors for this distribution. 

6 This also includes functions, which are (0,0) forms. 
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The action on general (p, q) forms is slightly more involved but fortunately we will 
not need it. The presence of torsion makes the action of d a bit unusual 

g e (-i.-i) = - e (~ 2 ' 1 ) A e^~ 2 \ de^V = 0, Be^ = 0. (3.15) 

Now we can define a field strength (0, 2) form F = 8 A + A A A. In components, 
this reads 

F = A (D^A^ - D ^A^ + [A^~ l \ A (_1 ' 2) ] - + 

e (-2,l) A e (-l,-l) (£(2,-1)^(1,1) _ ^(1,1)^(2,-1) + [A (2,-1) ; 4(1,1)]) + 
e (l,-2) A e (-l,-l) (£(-1,2)4(1,1) _ £(1,1)4(-1,2) + ^(-1,2)^ 4(1,1)]) 

(3.16) 

The components of F are exactly the remaining constraints and we see that they can 
be interpreted as an equation of motion for A, F — dA + A A A = 0. 

The equation of motion setting a connection to be flat F = arises naturally 
from a Chern-Simons action with Lagrangian tr (Ad A + |A A A A A) . Keeping in 
mind that this Chern-Simons Lagrangian is a (0, 3) form, what should we integrate 
over to get the action? The answer is to introduce a "form" Q, defined as 

n = d A x A d 8 9 e W A A e^. (3.17) 

which we can use to write the action in Af = 3 harmonic superspace as 

S[A] = Jn Atr (a8A+ ^A A A Aij , (3.18) 

Here d 8 6 = d 2 6^~^d 2 e^d 2 6 {l ^d 2 e^ 1 ^ . Notice that the U{1) x U{1) weights 
cancel between e^ 1 ' 1 ^ A e 1 - 2 ' -1 ^ A e^" 1 ' 2 -' which has weights (2, 2) and d 8 9 which has 
weights (-2, -2). 

Several comments are in order. First, the fermionic coordinates need to be 
integrated since the notion of differential forms does not really apply to them. After 
the fermionic integration we are left with an integral over a four- dimensional contour 7 
in C 4 parametrized by x A , times Q C CP 2 x CP 2 . Recall that Q = {(£,//) G 
CP 2 xCP 2 |£-r/ = 0}. 

The action (3.18) is of holomorphic Chern-Simons type (see ref. [34] for the 
original definition and ref. [1] for its version in twistor space). Holomorphic Chern- 
Simons is a bit of a misnomer in this case, since what is relevant here is a CR 
structure, not a complex structure. 

In order to obtain the theory in (3, 1) signature we need to impose a parity 
constraint. The theory has to be invariant under the exchange of T> a and T>a- We 
denote the idempotent operation which performs this exchange by ~. This implies 
that 

V a = V A , ti = r)\ l> a = V i& . (3.19) 
7 It is easy to see that the space coordinates xa are not real. 
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Said differently, the operation swaps the two CP 2 and performs complex conju- 
gation on (x, 9, 9) coordinates. In terms of u coordinates we have 



M (i,o) = M (o,-i) = u4( o,i )j M (o,i) = M (i,o) = u ,(-i >0 ) ) = _ tt i(i,-D. (3.20) 

We can show that the reality condition under ' operation is A = A. The 
integration measure and 8 are invariant. 

The gauge connection A has a gauge transformation given by (d + A) — > g~ 1 (d + 
A)g, where g is an element of the gauge group. The usual Chern-Simons action is 
not gauge invariant, but under gauge transformations which are not homotopic to 
identity it acquires an additive factor. In order for e lS to be invariant under these 
gauge transformations the global coefficient of the Chern-Simons theory should be 
quantized. We don't know if there are such disconnected gauge transformations 
in the case we analyzed above, and whether they produce an additive term in the 
transformation of the action which would necessitate a quantization of the Chern- 
Simons level. 

What are the symmetries of this CR Chern-Simons theory? The usual Chern- 
Simons theory is invariant under orientation preserving diffeomorphisms. For holo- 
morphic Chern-Simons we also need to impose the constraint that the transforma- 
tions preserve the complex structure. Finally, for the CR Chern-Simons we need to 
restrict to the orientation preserving diffeomorphisms which also preserve the distri- 
bution which defines the Dolbeault operator. It is worth noting that if we write the 
action in terms of component fields A^ l ~ 2 \ A^ 2 ' 1 ^ and A^ 1 ' 1 ' the symmetry algebra 
is much harder to guess. 

4 Selfdual theory 

In this section we present the discussion of the selfdual M = 4 super- Yang-Mills 
theory, using the language of ref. [30] and the philosophy of sec. 2. Our discussion 
does not contain anything new, but we feel it is important to review it and contrast 
it with the features of the SU(3)/(U(1) x U(l)) formulation. 

While discussing the selfdual theory we will stay in (2, 2) with Lorentz group 
SO(2,2) or Euclidean signature with Lorentz group SO(4). The group 5*0(2,2) is 
locally isomorphic to SL(2)l x SL(2) ^ while SO (A) is locally isomorphic to SU (2)^ x 
SU{2) R . The spinors transforming under SL{2) L or SU{2) L are indexed by Greek 
letters from the beginning of the alphabet while the spinors transforming under 
SL{2)r or SU(2)r are indexed by primed Greek letters from the beginning of the 
alphabet. 
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Full superspace has coordinates (x aa ' , 9 a ' a ). The SUSY covariant derivatives 
are given by 

^=j^+^<v, (4 - 2) 

d 

9 ^ = q^J ( 4 -3) 

and satisfy the algebra 

{££,DJ} = 0, {D a , a ,Dp, b } = 0, {D a a ,D p , h } = 8 a b d a p. (4.4) 

To these SUSY covariant derivatives we can associate dual one-forms (or super- 
vielbeine), which are given by 

e aa> = dx aa' _ _ d Q<*Q<*'<> _ -d0°' a 0£, (4.5) 

< = de:, (4.6) 
e?' b = d6?' b . (4.7) 



The total differential can be written as 

■ d 



d = ^7^7 + + de^' b J^ h (4. 



= e Qa '^ + e a a D a a + e^/J^. (4.9) 

The differentials of these vielbeine can be written as 

de aa ' =e" A e a ' a , de a a = 0, cfe^' 6 = 0. (4.10) 

Besides the coordinates {x aa \ 9", 9 a ' a ) we will also use harmonic variables, which 
parametrize a coset SU(2)/U(1). A matrix M G SU(2) has elements 

(4 - n) 

where ± marks the charges under a £7(1) subgroup. In order to have M G SU(2) 
we need to take ttj = (u Ta ')* and ii +Q! 'i4~, = 1, where u^, = e a ipiit ±l3 ' and e is the 
antisymmetric tensor with eu = — £21 = 1. Notice that we have taken the columns 
of M to transform as doublets of SU(2)r. 

The standard way to compute vielbeine on a coset is to first compute M _1 dM, 
which in this case belongs to the s\(2)r algebra and then identify the parts which 
belong to u(l) and its complement. Doing this we find the 577(2) vielbeine 

e~ = u-,du~ a \ (4.12) 
e++ = -u+du +a ', (4.13) 
w ° = — u~/du^~ a ' = -u+du- a '. (4.14) 
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These vielbeine have dual covariant derivatives. Since we are interested in the 
coset only, we will not need to use the covariant derivative dual to u°. 

e— <* D ++ = u +a '-^, e ++ <^ D~ = u- a '-^—. (4.15) 
du~ a du +a v 1 

It turns out to be convenient to change coordinates from (x aa \ 6%, 9 a ' a , u ±a ') 
to a different set of coordinates. If we define the antichiral version of x to be 
x< R i ' = xaa> ~ \Qa@ a ' a -i then the new coordinates are given by (x ±a = x^'u^/, 9 ±a = 

The SUSY covariant derivatives in these new coordinates read 

K = 4z, Dt = JL, (4-16) 



09^ a dx a T 

D» = 4 (fl£* + V^) +V {■£=> + 1^}, (4.17) 



— 

D+ 



D±± = W ±«'JL + x ±a ^- + 6 ±a ^-. (4.18) 
du^ a dx^ a 89^ a v ; 

The dual vielbeine to the SUSY covariant derivatives in the new coordinates are 



K^< = d9 a a , (4.19) 

D~ <-> e +b = D9 +b + 6~ h u+du +a \ (4.20) 

D+ e~ b = DQ- h - e +b u~,du- a ' , (4.21) 

D~ <B- e +a = Dx +a + 9%D9 +b + (x~ a - 0~°0£)u£ du +a \ (4.22) 

D+ ^ e~ a = Dx~ a + 9™D9~ b - (x +a - 9 +a 92)u~ f du~ a ' ', (4.23) 

D ++ <R- e~ = (4.24) 

D <B- e++ = (4.25) 



where 



Di ±a = dx ±a ± w°x ±a , D0 ±a = d9 ±a ± w°fl ±a . (4.26) 
The transformation from the old vielbeine to the new ones is given by 

e a'a = u +a' e ~a _ u ~*' ^ = u +a' g -a _ u ~a> g +a ^_ 2 ^ 

Let us now formulate the constraints defining the selfdual theory. Our approach 
will be similar to the construction of ref. [35], but will differ from it in some details. 
In ref. [35] the theory was not formulated in terms of differential forms on superspace, 
as we will do below. We start in M = 4 antichiral superspace. The chiral coordinate 
9% will not appear explicitly in the rest of the analysis and it can be thought of as 
taking some fixed value. Also, we will not use the chiral derivative D% at all. 
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It can be shown that the right constraints defining the M = 4 selfdual theory 

are 



\Pa'a,'Dppi\ = Ca>P'X/3a, 
\P aa t,'Dpj3t] = e a if3'F a p. 



(4.28a) 
(4.28b) 
(4.28c) 



They can be written in an equivalent way as 



{2>+ V+} = 0, 



(4.29) 
(4.30) 



[X? ++ ,^ a + ]=0, 



[V ++ ,V+] = 0, 



where we have introduced a connection for the covariant derivative D ++ defined 
above. 

We see that the derivatives D+, D ++ generate an integrable distribution. 
Like explained in sec. 2, we can solve the constraints involving the fermionic derivative 
X>+ by going to a gauge where = and taking the remaining components A+ 
and A ++ to be such that D^A+ = and D+A ++ = 0. Such constraints are solved 
by restricting their dependence on superspace coordinates such that they depend on 



The remaining constraints can be written as a flatness condition. If we define 
a (0, 1) connection A = e~ a A+ + e A ++ and introduce the Dolbeault operator 
d = e~ a D+ + e D ++ , then the constraints can be concisely written as F = OA + 
AAA = 0. 

In order to write an action which reproduces these constraints as equations of 
motion, we also define a (3, 0) form Q = d A 6 + e +a A e+ A e ++ . The action is then 



The U(l) charge cancels between the form e +a A e+ A e ++ and d 4 6 + . 

This is exactly the form of the action found by Witten in ref. [1] as a twistor 
action. In his notation Z = (u + ,x + ), Z = (u~,x~) and ip = 9 + and the connection 
A depends on (Z,Z,ip). It is not hard to show that fl oc eijkiZ l dZ^ dZ k dZ l . The 
variables Z and Z are holomorphic and antiholomorphic coordinates on CP 3 , but in 
the (m ± ,x ± ) parametrization only the SL(2)l symmetry is completely manifest. 

In fact, this holomorphic Chern-Simons action has far more symmetry than just 
SL(2)l- Given that the action (4.31) depends only on the complex structure, this 
means that any holomorphic change of coordinates is a symmetry. We should note 
that if we write the action in components then the action of this symmetry group 
is obscured. Also, one has to perform compensating gauge transformations in order 
to preserve the gauge. In contrast, if we ask what transformations preserve the 
integrable distribution used to define the Dolbeault operator, the answer is easy. 



(x ±a ,^ +a ,M ± ). 




(4.31) 
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We should note that there are no local gauge invariant observables in the Chern- 
Simons formulation of this theory. There are however holomorphic Wilson loops, 
which are discussed in more detail in sec. 5. 

How can we extract space-time fields from the connection Al Let us define the 
following quantities 

ab (x, 9)= f e ++ A D-D; A, (4.32a) 

^ aa '(x, 9) = \-e abcd ! u +a 'e ++ A D^D^D^A, (4.32b) 
•'• J CP 1 

G a '?'(x, 9) = \-e ahcd [ u +a 'u + P'e ++ A D^D^D;D d A. (4.32c) 

Using integration by parts, the algebra of covariant derivatives and the fact that 
D+A~^ = and D^A ++ = 0, it can be shown that these fields are invariant under 
Abelian gauge transformations 8 A — > A + dX. However, they are not invariant 
under non- Abelian gauge transformations A — > A + dX + [A, A] . We should note 
that for fixed x and 9 the vielbein e~ a vanishes so we can replace A by e A ++ 
in the equations above. The vielbein e can also be pulled through the covariant 
derivatives and brought next to e ++ where they form the measure on CP 1 . 

Nevertheless, it is possible to add terms whose linearized gauge transformation 
cancels the nonlinear gauge transformation of the previous terms. For example let 
us look for a term whose linearized gauge transformation cancels the gauge transfor- 
mation Of (f>ab 

S<p ab (x,9)= [ e ++ Ae—[D^D b -A ++ ,X}. (4.33) 
J CP 1 

In order to write the term which will cancel this gauge transformation, let us in- 
troduce the notation (D ++ )~ 1 for the inverse of the operator D ++ , when acting on 
functions of u^. Since D ++ has a kernel, (D ++ )~ 1 is not unique. We define (D ++ )~ 1 
when acting on a function f ++ (u) to be 

{D++ylf++{u) = / e++[v) A e __ (v) f++{v y (4 34) 

JCP 1 u v 

It can be shown (see, for example, ref. [33, chap. 4]) that D ++ (D ++ )~ 1 f ++ (u) = 
f ++ (u). The difference Ao = A — (D ++ )~ 1 D ++ X is independent on u (since it has 
charge zero and D ++ X$ = 0), but it may be nonzero. This is not surprising since 
when taking the derivative D ++ X we lose all the information about the zero mode of 
A, i.e. the term of degree zero in the u expansion. 

8 In the following wc will restrict to gauge transformations A which do not depend explicitly on 
odd variables, but we keep the dependence on u^ 1 arbitrary. It is natural to restrict to D~^\ = in 
order to preserve the constraints = and D+A ++ = but now we also require D~ A = 0. 

This restriction is not so great since gauge transformations of the superfields imply the gauge 
transformations of all the component fields. 
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Then, we have the linearized gauge transformation 

ftta (- [ e ++ A e [D~D^A ++ , (D^A*]) = 

= -[ e++ A e~ [D-D^ A++, A -A ]. (4.35) 

J CP 1 

If we add these two terms, then the gauge transformation of <p a b becomes 

84>ab = [4>ab, Ao] + terms quadratic in A ++ , (4.36) 

so Ao plays the role of space-time gauge transformation. The terms quadratic in A ++ 
can be canceled by adding more correction terms. We can now write the answer to 
all orders 

» oo 

<M*, 9) = e ++ A e~ T[(D + +)- x A++, . . . , [(£> ++ )- 1 A++, ■ ■ ■ ]. 

7cpi U ' ^ ' 

(4.37) 

The other space-time fields can be written similarly. 

The other space-time superfields of interest are the bosonic and fermionic com- 
ponents of the superspace connection A aa i and A a i a . In the Abelian theory they can 
be written as 

A aa ,(x,9)= [ e ++ A u~,D~A, (4.38a) 
A a , a (x,9)= [ e ++ Au-,D-A. (4.38b) 

J CP 1 

Here as well we can see that the only component of A which contributes is the 
A ++ component (the A^ component is multiplied by the vielbein e~ a which vanishes 
for fixed (x, 9)). The new feature of these integrals with respect to the ones in 
eqs. (4.32) is the appearance of u~ in the integrand. This u~ is responsible for the 
inhomogeneous term in the gauge transformations. 

Under the linearized gauge transformation 5\\ Ii A ++ = D ++ \ we can show after 
using the algebra of covariant derivatives and integration by parts that 

8lmA aa r = daa'^0, 5\inA a ' a = 0, (4.39) 

where Ao = / e ++ A e A. The gauge parameter Ao is the same as the one found 
in the transformation of gauge covariant fields. This can be shown as follows: an 
arbitrary function of the harmonic variables u can be decomposed on an orthogonal 
basis of symmetrized products of u ± . Integration over the CP 1 projects on the zeroth 
order term in the expansion, while the rest of the terms vanish by orthogonality to 
the identity. 
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These space-time operators can be used to write the full (non-selfdual) N = 4 
theory in twistor space. The constraints for the full theory in space-time are 

{V aa ,,V w } = e a , f) ,Wab, (4.40a) 

Po'o,%] = Ca'P'Xpa, (4.40b) 

[D aa r ,T>pp>] = e a i pi F a/ 3 + e a pF a > pi , (4.40c) 

where we have added an extra term e a pF a ipi in the right-hand side of the commutator 
[D aa r, T>ppi\. Because of this extra term the constraints will not be writable as a 
flatness condition anymore. Still, as we will see, the constraints can be written out 
explicitly in terms of the same two fields and A ++ as before. 

The constraints can be equivalently written in chiral harmonic twistor space as 

[V + a , V+] = 0, [V+, V + a ] = 0, [Vt, V+] = e Q/3 F ++ , (4.41) 

where F ++ = u +a 'w +/3 ' ' F a ipi . If we write the equations of motion in the Chalmers- 
Siegel form (see ref. [36]), we need to set F a ipi = g Y M^a'/3', where g Y M is the cou- 
pling constant and G a ipi is an auxiliary field which, in the Abelian theory is written 
eq. (4.32c). In the non- Abelian theory this expression is modified to make it gauge 
invariant as in eq. (4.37). 

An action describing these equations of motion is necessarily not solely of the 
holomorphic Chern-Simons form, but has to be augmented by an additional term to 
include the local operator F ++ . This has the effect of adding an interaction term of 
the form lndet(<9 + A), as first suggested by Witten in ref. [1]. Adding all the terms 
we obtain the action of the full theory in chiral harmonic superspace 

S F [A\ = J d A 6 + Q A tr ^AdA + ^A AAA A^j + 

+ g YM J d 4 xd 4 9 + d 4 9- In det (8 + A) \ x , (4.42) 
where X is the line in twistor space corresponding to the point (x, 9) in superspace. 



5 Super-Wilson loops 

In this section we review the construction of super- Wilson loops in twistor space (see 
ref. [2] for the original paper and ref. [37] for a review). 9 Later we will apply similar 
ideas to the SU(3)/(U(1) x U(l)) coset formulation of J\f = 4 super- Yang-Mills 
theory. 

9 In the abelian case Wilson loops in holomorphic Chern-Simons have been considered in refs. [38- 
40]. The space-time version of the super- Wilson loop was constructed in ref. [3]. 
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In twistor space the harmonics parametrize a CP 1 manifold and the full space 
on which the theory is formulated is CP 3 ' 4 . Space-time points correspond to lines, 
or CP 1 embeddings in CP 3 ' 4 . We will generically denote such CP 1 C CP 3 ' 4 by X. 

When restricted to a line X the twistor connection A is flat so there exists a 
gauge transformation h satisfying 

(d + A(a))\ x h(a) = 0, (5.1) 

up to multiplication of h by a constant group element to the right. Then we define 
an analog of a Wilson line operator 

U(a 1 ,a ) = h(a 1 )h(a o y\ (5.2) 

with properties 

U(a,a) = l, [/(cr^cro)" 1 = U(a , <Ti), U(a 2 , cr ) = U(a 2 , <7i)[/(<7i, <r ). 

(5.3) 

Under a gauge transformation (d + A') = g(d + A)g~ l the Wilson line operator 
transforms as 

U'{a u a Q ) = g(a 1 )U(a 1 ,a )g(a )- 1 . (5.4) 
We can solve iteratively for U in terms of the connection using 

U = 1 + d~ 1 (AU) J (5.5) 

where d~ l acting on a (0, 1) form / is defined by 

(S-'/)M = i/ *3J) A /. (5.6) 

This satisfies the boundary condition (9~ 1 /)(cro) = 0. 

Now we can explicitly write the expansion of U as a power series in A: 

U{a, a Q ) = 1 + {d- x A){a) + d" 1 {A(d~ 1 A)){a) + ■■■ = 

1 + -/ dai A A(ai)- -+ 

7r J CP i (a - a 1 )(ai - a ) 

— cknAAfa) da 2 AA(a 2 )- r + ■ ■ • ■ (5.7) 

So far we defined a Wilson line operator between two points cr and <r on a line 
X. The light-like Wilson loops of Mason and Skinner are defined as follows. We 
have a contour C which is made up of pairwise intersecting lines Xi such that two 
successive lines Xi and Xj+i intersect at a point in twistor space. Each line Xi has 
two distinguished points (whose local coordinates we denote by <7j and cr i+ i), where 
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it intersects the previous line Xi_i and the next line X i+i . Then, the supersymmetric 
Wilson loop of Mason and Skinner is defined as 

W = tr(C/ Xl ((7i, a 2 )U X2 (a 2 , a 3 ) ■ ■ ■ U Xn (a n , at)). (5.8) 

These Wilson loops are also useful when defining local operators. For example, 
the local operator 4> a b(x, 9) can be written as 

<j> ab {x,9) = [ e ++ {a)U x {T,a)(D-D-A)(a)U x (a,T), (5.9) 
Jx 

where X is the line corresponding to (x, 9), U x is the Wilson line along X and (a, r) 
are local coordinates on X. Changing r amounts to a global gauge transformation 
(see ref. [23] for a related discussion). 



6 Local operators 

We now turn to a discussion of (space-time) local gauge covariant operators in the 
Af = 3 theory. We will try to write down the scalar superfields (pi(x,9,9) and 
^(x,9,9). 

In order to write these space-time operators we need to eliminate the harmonic 
variables. The way to do this is to integrate over them. Recall that we denote 
the space of harmonics as Q C CP 2 x CP 2 . We normalize the integral over Q by 
J Q vol = l. 

Just as in the twistor case we will first look for fields with zero charges under 
U(l) x U(l), with the right dimension and global symmetries and which are invariant 
under Abelian gauge transformations. 

Before writing down the answers, we list some useful identities which can be 
proven by integration by parts 

f uf fi) /C- 1 ^ = - / tti- 1 ' 1 ^.-!) firm = - f u («W)z>(i,i) /( -i,o) ; ((U) 
JQ JQ JQ 

U (0,-D /( 0,1) = _ I" u (l,0) D (_l,_l) / (0 > 1) = _ f u (-l,l) D (l,-2) /( 0,1) ; (6 2) 
JQ JQ 

/(1,-D = _ f u f>-V D (-m = _ f uf' 0) D^ /fc" 1 ), (6.3) 

JQ JQ 
where / is some arbitrary function. 



Q 
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There are several candidates for the scalar superfield <pi, with the right properties 



e ^ u (0,-l) D (-l,l) D (-l,l) A (2,-l) j (64a) 



/9 



e a^ u (-i,i) £ ,a) l -i) £ ,(o ) -i) A (i jl ) j (64b) 



Q 

€ 



e a? ^u^D^D^A^ + uf> 0) D^Df- l) A^) , (6.4c) 
(^uf'^D^D^A^ - uf^D^Df-^A^A . (6.4d) 



For the conjugate scalar superfield l we use the ' ' conjugation and we also get 
four candidates. Using integration by parts we can show that these fields are in- 
variant under linearized gauge transformations SA^' g ^ = D&'^X. In checking gauge 
invariance we can use the fact that the component fields A^ 2 ~ l \ A*- 1 ' 1 ' and A*" 1 ' 2 ) 
are analytic so when we apply Da to them we obtain zero. 

Note that these scalar superfield candidates are very similar to the expressions 
for the space-time fields in terms of twistor fields (see eq. (4.32)), at linearized level. 

It is perhaps surprising that there are four candidates for the <pi superfield. 
However, when restricting on-shell and using the three linearized equations of motion 
we can show that all four candidates agree. Off-shell, however, the four superfields 
in eq. (6.4) are different. 

In twistor space an axial gauge was used for quantizing the theory (see refs. [2, 
41]). The gauge condition in an axial gauge sets to zero a linear combination of 
the components of the twistor connection. Since the three components of the gauge 
connection become dependent, in this gauge the cubic term A 3 in the Chern-Simons 
action vanishes. As a result, the holomorphic Chern-Simons theory becomes free and 
the Feynman rules simplify. 

We can ask whether such a gauge is possible here. It is not hard to see that 
this is not possible for a generic choice of the vector defining the axial gauge. For 
example, if we set any of the components A^ 2, ~ l \ A- 1 ' 1 ' or A* -1,2 ) to zero, we find 
that the scalar fields are set to zero, which is inconsistent. 

A similar issue arises for the ambitwistor action of Mason and Skinner (see 
ref. [42]), where the action is also of holomorphic Chern-Simons type, but formulated 
on ambitwistor space A [3] which can be thought of as a quadric in CP 3 ' 3 x CP 3 ' 3 . In 
this case also it is not clear why the axial gauge can not be imposed. Probably one 
way to understand why this gauge is inconsistent is by working out its counterpart 
in space-time as done above for the M = 3 formulation of M = 4 super- Yang-Mills. 

Let us now turn to writing down the local space-time operators which are in- 
variant under nonlinear gauge transformations. Clearly if we continue in the same 
spirit as for the selfdual theory, by adding correction terms, we will encounter great 
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Figure 2. The coset SU(3)/(U{1) x U{1)) can be represented as a quadric Q C CP 2 x CP 2 . 
Two families of lines rule Q. Each line in the first family sits at a fixed point in the second 
CP 2 while each line in the second family sits at a fixed point in the first CP 2 . Since the 
~ conjugation swaps the two CP 2 , it also interchanges the two families of lines. For lack 
of space we have not represented the X% submanifolds. 

algebraic difficulties. As we have seen, this is due to the fact that we have several 
candidates even for the linearized theory. Thus, as we go to higher orders, we have 
more and more possible correction terms to add. This is a major difference with re- 
spect to the twistor formulation of M = 4 super- Yang-Mills, where fixing a point in 
superspace (x, 9) picks only one component of the twistor connection, namely A ++ . 
In that case it is natural to integrate over the line X C CP 3 ' 4 corresponding to (x, 6). 

However, in the M = 3 formulation no such distinguished line exists, once we 
fix a point (x, 6, 6) in superspace. There are however three distinguished types of 
submanifolds. The first one, denoted by X\, is denned by setting uj and u\ to be 
constant. The submanifolds X 2 and X% are defined by analogy. The submanifolds 
X x and X 2 are lines in the CP 2 x CP 2 which contains Q = SU(3)/(U(1) x U(l)) (see 
fig- 2). 

When imposing the defining constraints for X±, X 2 and X3 only two vielbeine 
survive, while the rest are set to zero by the constraints. The nonvanishing ones are 



X x : 


e (-l,2) = 


u x 2 du\, 


e^=4dul 


(6.5) 


X 2 : 


e (-2,D = 


u[dul 


e^= uidu], 


(6.6) 


X 3 : 


e (-l,-D = 


u\dUi, 


e (M) =v} 2 du\. 


(6.7) 



The space of lines Xi is parametrized by CP 2 , with coordinates u\ and their 
complex conjugates u\. We denote this space by Y\ and we define Y 2 and Y 3 by 
analogy. These spaces come with natural volume forms, 10 which in terms of vielbeine 

10 In terms of homogeneous coordinates [Z°, . . . , Z n ] the volume form on CP n can be written as 

e io ... in Z io dZ il A • • • A dZ i »e? -t«Z jo dZ h A • • • A dZ jn 
(Z ■ Z) n + X ' 

Up to a constant multiplicative factor this is the same as f2™, where Vt is the Kahler form O = 
idd\n{Z-Z). 
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can be written as 

H Yl = e ^ A A e^ 1 '" 1 ) A e^ 2 ' l \ (6.8) 

^ = A e^" 1 '- 1 ) A A e^, (6.9) 

m = e (-2.D A e^" 1 ' 2 ) A A e^~ 2 \ (6.10) 

Now we can write the local operators invariant under linearized gauge transfor- 
mations as 11 

e a ^i = - I VyJ A u^D^Df^A = 

I e^'AeMf e (-2,i) A e (2,-i) /" etMlA^-y)^,-!)^-^, (6 . n) 

The result of the inner integration is invariant under linearized gauge transformations 
but it still depends, via X3, on uf and u\ variables. The integral over Y3 eliminates 
this dependence. 

By the same reasoning as the one leading to eq. (5.9), the operator which is 
invariant under nonlinear gauge transformations 12 is 

/ eH^(0AeM)(0[/ Xl (e,C) / e^(r) A e^\r)U X2 ((, r) 

JX 3 (t) 

(6.12) 

where X\(£) is the line X\ containing the point 13 ( G Q, -^(C) is the line X2 
containing the point £ £ Q and X 3 (t) is the line X 3 containing the point r £ Q. The 
Wilson line Uxi can be constructed as in sec. 5 in terms of the connection A and 
the inverse of the Dolbeault operator restricted to Xj. The definition in eq. (6.12) 
depends on a choice of a reference point £ £ Q. 

Just like in the linearized case, there are several ways (in fact an infinite number!) 
to construct local space-time fields starting from the connection A on harmonic 
superspace. On-shell the connection A is flat on Q so the contours for the Wilson 
lines can be freely deformed. This implies that all the different representations of 
the local space-time operators in terms of the connection A are equivalent on-shell. 

11 The volume form on X3 is e^'^Ae^ 1 ' -1 ' and we normalize the integrals J x e^ 1 ' 1 ) Ae^ -1 ' -1 ' = 1 
and f Y \iy l = 1. The differential forms appearing in the inner integral are pulled back from Q to 

x 3 . 

12 Hcre also we impose that these are proper i.e. not supcrgaugc transformations. 
13 Here by abuse of notation we denote by £ the point in Q and also its local coordinate on -X"i(£) 
and similarly for £, r and a. 
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7 Conclusions 



The formalism developed here allows us in principle to compute physical quantities 
while preserving a large amount of off-shell supersymmetry. One natural class of 
observables are correlation functions of gauge-invariant local operators. In harmonic 
language such correlation functions become Wilson loops with operator insertions 
as we showed in sec. 6. It may be interesting to see whether it would be easier to 
compute anomalous dimensions in this formalism and how integrability manifests 
itself. One thing to understand here would be how dualities between scattering 
amplitudes, Wilson loops and correlation functions are realized in this harmonic 
language. 

However, we are left with numerous questions. 

First of all, we would like to understand how to quantize the Af = 3 theory. 
We have mentioned above the similarity with the ambitwistor action which makes 
us confident that the difficulties in quantization are the same in both cases. In 
general, the study of non-chiral harmonic superspace may shed some light on the 
more mysterious ambitwistor formulation of M = 4 SYM. 

In ref. [43] the two-point function of the gauge fields was computed. However, 
in the gauge of ref. [43] the ghosts do not decouple, which complicates the Feynman 
rules. Is it possible to impose an algebraic gauge condition where the ghosts decouple? 

Another vexing problem is the problem of regularization. These Chern-Simons- 
type actions are finite but some interesting "observables" require regularization. So 
far a lot could be computed while mostly ignoring regularization issues. Nevertheless, 
we should strive to obtain these results rigorously. One regularization proposal has 
been put forward in ref. [44], but so far it has not been used for explicit computations. 

What other terms can be added to the action which are gauge invariant and also 
invariant under 57/(2, 2|3)? This is related to the question, to our knowledge still 
unsolved, of how to write the analog of the 6 angle in the twistor case. 

For usual Chern-Simons one can make gauge transformations by a group ele- 
ment g which is not continuously connected to the identity, in which case the action 
transforms by an additive term. It is unclear to us what happens in the holomorphic 
Chern-Simons case. 

All of the constructions presented in this paper require an integrable distribution 
of rank (3|ac), where k is the odd rank of the distribution. We can naturally ask what 
would be the space-time interpretation of higher holomorphic Chern-Simons forms, 
which can be constructed in all odd dimensions. 

As explained in ref. [45], there are other subtleties in the construction of Chern- 
Simons theory if the gauge group is not connected or simply connected. It would be 
interesting to see if such subtleties also occur for holomorphic Chern-Simons theories 
or the ones built from a CR structure. 
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We should mention here a curious formulation of M = 4 five- dimensional super- 
Yang-Mills obtained by Sokatchev in ref. [35]. The off-shell formulation in ref. [35] is 
also of Chern-Simons type which hints that five- dimensional super- Yang-Mills might 
be finite [46-49]. In order to investigate this more closely one would at least want to 
study the compactification of this theory on a circle. Another useful test would be 
to compute the partition function on S 5 . However, the off-shell formulation is only 
available for the theory defined on flat space-time R 1 ' 4 . 

Another interesting question regards theories with fewer supersymmetries. Ma- 
son and Skinner gave an ambitwistor formulation for pure Yang-Mills, whose am- 
bitwistor Lagrangian contains a triple derivative of a delta function 5"'(Z ■ W). The 
fact that the equations of motion of pure Yang-Mills theory correspond to extensions 
to the triple neighborhood about the Z ■ W = locus has been known before from 
work by Witten [50] and Isenberg, Iasskin and Green [51]. The derivatives of the 
delta functions serve to cancel the twistor scaling which in the supersymmetric case 
was canceled by integrations over odd variables. We expect that a similar mechanism 
is at work in the construction based on the SU(3)/(U(1) x £7(1)) coset. 

In ref [52] a Chern-Simons type string field theory was proposed which describes 
scattering amplitudes of M = 4 SYM coupled to M = 4 conformal supergravity. 
There are two types of interaction terms. One is the usual cubic term of Chern- 
Simons theories while the other contains an insertion of a spectral flow operator. 
At loop level we encounter the usual difficulties with conformal supergravity, so this 
action has not been used for any explicit loop-level computations. Nevertheless, this 
is an exotic example of solving the constraints in a way which is different from the 
usual harmonic approach. 

Finally, another important question would be to understand the analogs of the 
constructions we presented for gravity. The analog of holomorphic Chern-Simons 
for gravity was discussed in ref. [53], where the gauge group was identified with the 
group of holomorphic Poisson transformations of supertwistor space, but this only 
describes the selfdual supergravities. An understanding of non-selfdual theories may 
be possible by reexamining the lessons of the harmonic approach. 
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A Conventions 

We raise and lower indices with the antisymmetric tensor e, u a = e a pu^ u a = e a/3 U0. 
Raising and then lowering an index of a spinor leaves the spinor invariant, so we have 
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e a pe^ = 51 and e a % 7 = <S« 

Whenever we need explicit forms for the e tensors we use 

B Coset space generalities 

Let G be a Lie group and if a subgroup and let g and f) be the corresponding Lie 
algebras. We denote the generators of f) by Xi and the remaining generators in q by 
Y a . 

We parametrize the coset G/H by Q = exp(£ a y a ) G G and £ can be seen as 
coordinates on the coset manifold. The action of G on the coset is given by 

geMC a Y a ) = e X p(C*(£,<7)y Q )M£,<7), (B.l) 

where g G G and <?) G if. 

For a matrix group we can form the quantity Q _1 dQ G g, which can then be 
decomposed as 

Q^dQ = e a Y a + u { Xi. (B.2) 
Under a transformation by g, we have Q — y Q' = gQh" 1 and for the components 

e /Q r a = he a Y a hr x , (b.3) 

w*Xi = hJXih' 1 + hd/T 1 . (B.4) 

The transformation properties justify our identification of e as vielbeine and of u as 
connections. 

We can compute the derivatives of e and u and we get 

de a Y a + dtJXi = d(fi _1 dfi) = -^e a A e^, Y p ]- 

e a A w*[y a , Xj] - 1 -uj 1 A ^'[Xi, X,]. (B.5) 

Define the structure constants of the algebra g by 

[X i ,X j ] = f*X k , (B.6) 
[X u Y a ] = fcYp, (B.7) 

[y Q ,^] = /^x i + /^ 7 - (B.8) 

Using this we can write down the derivatives of e a and u l very explicitly as 

de a + A = A (B.9) 

dw« + ^ A = A e%. (B.10) 
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The first equation above gives the covariant derivative of e. When ^ 0, the 
connection we defined has torsion. Only when [Y, Y] ~ X the connection does not 
have torsion. The second equation gives the curvature. 

We should note that, since [X, Y] ~ Y, whenever we make a transformation by 
g G H , we have that h(£, g) = g. 

Let us now introduce a class of functions (or fields) on G/H with the following 
transformation properties under G 

<P'^(^g)) = pm,g))-m, (B.n) 

where £' and /i have been defined above and p is a representation of H and </>(£) 
transforms under this representation. For example, the quantity e a Y a transforms in 
this way under the adjoint representation. It is then easy to see that the covariant 
derivative defined as 

D<j>={d + u) i p(X i ))-<f> (B.12) 

transforms in the same way as <fi. This covariant derivative can be decomposed on 
the vielbeine as D = e a D a , this decomposition defining the components D a of the 
covariant derivative. 

Using the vielbeine we can also construct an integration measure \p\ on the coset 
by taking 

|//| = <T£dete, (B.13) 

where the coset is n-dimensional and £ are the coordinates parametrizing it and e is 
the vielbein matrix extracted from e a = e^d^". We can also write the measure as 
a top form 

fi = e 1 A . . . A e n . (B.14) 
Let us discuss the example of SU{2) /U{1) coset. We set 

(B15) 



with u +1 u~ 2 -u +2 « -1 = 1 and u^ 1 = -(u +2 )* and u~ 2 = The U(l) action is 

n. 



can be embedded in SU (2) as ( e _° i(#> ) and it acts to the right on 



Then, computing Q 1 dQ we find the vielbeine and connection 

e = —u^du' 2 + u~ 2 du~ l = u~,du~ a ' , (B.16) 

e++ = u +1 du +2 - u +2 du +l = -u+du +a ', (B.17) 

uj° = -u~ 1 du +2 + u~ 2 du +l = -u +l du~ 2 + u^du" 1 = -u-,du +a ' = -u+du~ a ', 

(B.18) 

where we have indicated the charges of the vielbeine under the U(l) group. 
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Since the field H is 17(1) in this case, the representations are multiplication by 
phases e iq ^. Then, the covariant derivative when acting on a function of charge 
q, reads 

Df® = [du^'^ + du-«'^ + ^ /«. (B.19) 

Given the transformation of m ± under the £7(1) charge, we have that the the function 
is homogeneous so 

- +a '^-^ a '^]f [q) =^ q) - (B.20) 



du+ a ' du~ a ' , 

Using this in the expression of the covariant derivative we find 

D = e ++ D + e -D ++ , (B.21) 

with 

D ++ = u +a '-^, D - = u- a '-^—. (B.22) 

du~ a du +a y ' 

These covariant derivatives are dual to the vielbeine we constructed 

(-D ±=t , e TT ) = 1, (D ±=t , e ±± ) = 0. (B.23) 

The top form on the coset SU(2)/U(1) is given by 

/j = u +du +a ' A UpdvT p '. (B.24) 

Let us now discuss the SU(3)/(U(1) x U(l)) coset. Following Galperin at al. we 
parametrize the SU(3) group by a 3 x 3 matrix uj, with i — 1, 2, 3 and while 7 is 
labeled by the U{1) x U(l) charges 7 = (1,0), (0, -1), (-1, 1). Occasionally it will 
be convenient to use a short notation and then we will let I range over 1, 2, 3, with 
the understanding that these labels correspond to the charges (1, 0), (0, —1), (—1, 1). 
Under the £7(1) x £7(1) transformations these matrix elements u transform as 

u\ -> e^V x , u] -> e^uj, (B.25) 

u\ -> e^V 2 , u 2 -> e'^u 2 , (B.26) 

?4 e*^-^^, uf -> e^-^ul (B.27) 

The inverse matrix is denoted by u\ and therefore we have u\ u\ = 5j and u]uf = 
5 j . Since the matrix u is unitary we also have (wf)* = it}- Finally, we have det u\ — 1. 
Since uf has unit determinant we can write the inverse explicitly = e l ^ k u 2 u\ and 
cyclicly related identities. Then, if we take the differential of e^ k u\u 2 u\ = 1 and we 
use the formula for the inverse, we obtain u\du\ = 0. 
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Now, we compute the one-form u l jduf and we find the vielbeine 



e (-i,-i) = e (M) = uldu], (B.28) 

e^" 2 ' 1 ) = u \dul e (2 '- 1} = uldu], (B.29) 

e^" 1 ' 2 ) = u id Wi 3 , e {1 '" 2) = uldul (B.30) 

The connections a; can be chosen to be 

oji = —u\du\ = u\du\ + u\du\, (B.31) 

uj 2 = u\du\ = —u\du\ - u\du\. (B.32) 

These choices for u have the advantage that their transformations under U(l) x U(l) 
are simple 

uji — > u\ — id(pi, (B.33) 

UJ2 — > u>2 — idfa- (B.34) 

Let us compute the covariant derivative when acting on functions with charges 
(qi, q 2 ) under U(l)xU (1). According to the general theory presented above, we have 

Df^'rt = [dul^-j + qi ui + q 2 ^ f [qim) - (B.35) 

The homogeneity properties imply 

«, 1 ^T-«i^j)/ ( '"* 2, =a/ ( "« l , (B.36) 

Then, after using the following equalities 

du\ = u\e&-*> + ule^ - u\u> x , (B.38) 

duj = uje*" 1 '- 1 ) + u\e^ + u\u % (B.39) 

du\ = uje^ + u\e^ + ufiu, - cu 2 ), (B.40) 

in the formula for the covariant derivative, we find 



(91,52) * 1 1 



+ + + e( -, llM ;_^ (B . 41) 

These covariant derivatives are dual to the vielbeine 

<0 ( ^'-*\e<™>) = <W*nr (B.42) 
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Figure 3. The covariant derivatives of the coset SU(3)/(U(1) x ?7(1)). We can choose 
an integrable distribution in several ways. One choice is marked by boxes, but other 
possibilities can be obtained by rotation. 

Under complex conjugation (uj)* = u\ we have 

(wi)* = M* = -U2, (B.43) 

( e (qi,<i2)y = _ e (-?i,-32) ) (£,(91,92))* _ _£,(-9i,-92)_ (B.44) 

We now list the derivatives of the vielbeine 





= de^V 


+ - u 2 ) A e ( 


-1,-1) 


= _ e (-2,D Ae (l,-2) ; 


(B.45) 


De^ 


= de^ - 


h (-2u)i + uj 2 ) A e ( ~ 


-2,1) = 


= _ e (-W) AgC-1,2), 


(B.46) 


De^ 


ee de^ - 


H (-U! + 2cj 2 ) A e ( " 


-1,2) = 


: _ e (l,l) Ae (-2,D ; 


(B.47) 




= de^ + 


(wi + w 2 ) A e (1,1) = 


= -e<" 


-1,2) Ae (2,-D > 


(B.48) 


De^ 


= de^ - 


h (2wi - w 2 ) A e (2 '" 


1) = . 


_ e (l,-2) Ae (l,l) j 


(B.49) 




ee de^ - 


H (wi - 2uj 2 ) A e (1 ~ 


2 ) = - 


-e^'Ae^- 1 '. 


(B.50) 



The covariant derivatives satisfy commutation relations which are dual to these re- 
lations 

[£ ,(-2,l) j £,(1,-2)] = D (-l,-l) j [£,(-1.-1), £,(-1.2)] = £)(-2,l) ) ( B 51a ) 

[£ ) (1,D ) £,(-2,1)] = £,(-1,2) ? [£,(-1,2)^ £,(2,-1)] = ^(1,!)^ (R51b) 

[£)(l,-2) ) £,(1,1)] = £,(2,-l )) [jD (2,-l ); £,(-1,-1)] = £,(l,-2)_ (B 51c) 

C CR manifolds 

The cosets we are using have a CR structure which is essential in the construction 
of the action and in writing the equations of motion. We will review the essential 
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points of the construction below, illustrating the definitions by examples of interest. 
A good reference for the material in this section is the book [54]. A short but useful 
discussion can also be found in refs. [42, 55]. 

We say that a manifold M with dimension 2n + m has a CR structure if it has 
a rank n distribution L of the complexified tangent bundle of M and L H L = 0. 

The coset SU(3)/(U(1) x U(l)) has a CR structure. The integrable distribution 
L is generated by £)(~ 2,1 ), D^~ 2 \ Zm -1 '" -1 ). The integrability follows from 

[DC" 2 ' 1 ), _D (1,_2) ] = D^ 1 -- 1 ), [Z>^ 2,1) , D^ 1 -- 1 )] = 0, [DC 1 '" 2 ), D^" 1 )] = 0. 

(C.l) 

The distribution Z is generated by Z^ 2 ' -1 ), Z^ 1 ' 1 ', Z)' -1 ' 2 '. Since these vector fields 
are all independent, it follows that Z H L = 0. 

Starting with a CR structure we can construct a Dolbeault operator as follows. 
By definition, Z is a subbundle of the complexified tangent bundle of M. The 
subbundle Z has a dual bundle Z* of one-forms and moreover there is projection n 
from the cotangent bundle of M to L*. Using these ingredients we can define the 
Dolbeault operator B acting on a function / by 

df = ndf. (C.2) 

Then the action of d on (0, g)-forms can be defined such that the usual rules of 
differential calculus apply. The definition is the same as above, but now ir projects 
to A (9+1) L*. 

In the SU(3)/(U(1) x U(l)) case with Z generated by D^ l \ D^~ 2 \ D^'V, 
we have that Z* is generated by e^ 2,_1 \ e^~ 1 ' 2 ' and e*- 1 ' 1 -*. The projection n sends the 
one-forms uj\, u)2, e^~ 2,1 \ e^ 1 ' -2 -* and e^ -1 ' -1 ) to zero. Therefore, when acting on a 
function / we have 

Bf= (e^D^'-V + e (i,-2) D (-i,2) + e (-i.-i) D ( ll i)j ; (a3) 

The action on the one-forms is very simple. We only list here the action on the 
one-forms e^ qi ' 92 ^ 

3 e (-i.-i) = A e^~ 2 \ Be^ = 0, (C.4) 

Be^' 2) = 0, Be {1A) = 0, (C.5) 

Be^'-V = 0, <9e (1 '" 2) = 0. (C.6) 

Using the integrability of Z it can be shown that B 2 = 0. In the case of the coset 
SU(3)/ (U(l) x £7(1)) this can also be checked explicitly. 

D Killing vectors for J\f = 3 harmonic superspace 

Killing vectors for A/"-extended harmonic superspaces with a CR structure can be 
effectively calculated using the algorithm given in [55]. Let V = Vq + V u be a Killing 
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vector with 



where D^ qi,Q2 ^ are the harmonic derivatives. Following [55] the functions F and / can 
be shown to satisfy 

d ( % } =0, D ia F^ = -ie aP f i$ (D.l) 

and 

f ( - qi '- q2) = fj = ^D Ja )f aI - -d'jD^f^ 

in the notation given above. 

The components of the Killing vector are constrained by the requirement that 
a superconformal transformation preserves the CR structure under commutation. 
Given the distribution of Af = 3 harmonic superspace 

the conditions on V are 

[D^ q \V] =0, (D.2) 

[D^^o^D^.D^^D^ (D.3) 

[D^^ocDf-'lD^^^ (D.4) 

The first condition implies that the Killing vector is uncharged under U(l) x U(l) 
and the components of Vo are independent of the harmonics. It further implies some 
relations among the components of V u , i.e. 

£)(P,q) fi-k-l) _|_ f(p-k,q-t) _ Q 

whenever the superscript (p — k,q — l) is an allowed combination of weights, otherwise 
the second term is zero. Finally, the last two constraints imply analyticity of some 
of the components of the vector fields Vq and V u . 

These component functions have mass dimensions 

[F] = l, [/] = [/] = I [/(-fc,-*)] = 

and the parameters of the superconformal algebra su(2, 2|3) have mass dimensions 

W = i, M = K = ^ W = [s] = 4' W 3 " 1 

and all others zero. The fermionic expansion of the components of the Killing vector 
field are uniquely determined by the above constraints, the mass dimensions and the 
harmonic charges. 
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Since F satisfies (D.l) there exists an expansion [56] 



+ d^(9,9)x 2 -2(d(9,9)-x)x^. (D.5) 

The coefficient superfunctions a through d have fermionic expansions with fixed 
parameters. In fact d a a = k a a is restricted to be purely bosonic while the rest 
have fermionic expansions of varying length thus containing all the superconformal 
transformations of the algebra su(2, 2(3) . 

Given the Killing vector field V it is now possible to find the action on the gauge 
connection one-form A. A transforms like a scalar 

A'(X') = A(X) 

and its transformation is given concisely by the Lie derivative along the vector field 
V 

5A = C V A. 

References 



E. Witten, Perturbative gauge theory as a string theory in twistor space, 
Commun.Math.Phys. 252 (2004) 189-258, [hep-th/0312171]. 

L. Mason and D. Skinner, The Complete Planar S-matrix of N=4 SYM as a Wilson 
Loop in Twistor Space, J HEP 1012 (2010) 018, [arXiv: 1009.2225]. 

S. Caron-Huot, Notes on the scattering amplitude / Wilson loop duality, JHEP 1107 
(2011) 058, [arXiv: 1010. 1167]. 

C. Anastasiou, Z. Bern, L. J. Dixon, and D. Kosower, Planar amplitudes in 
maximally supersymmetric Yang-Mills theory, Phys. Rev. Lett. 91 (2003) 251602, 
[hep-th/0309040]. 

Z. Bern, L. J. Dixon, and V. A. Smirnov, Iteration of planar amplitudes in 
maximally supersymmetric Yang-Mills theory at three loops and beyond, Phys. Rev. 
D72 (2005) 085001, [hep-th/0505205]. 

Z. Bern, M. Czakon, D. Kosower, R. Roiban, and V. Smirnov, Two-loop iteration of 
five-point N=4 super- Yang- Mills amplitudes, Phys. Rev. Lett. 97 (2006) 181601, 
[hep-th/0604074] . 

A. Brandhuber, P. Heslop, and G. Travaglini, MHV amplitudes in N=4 super 
Yang-Mills and Wilson loops, Nucl.Phys. B794 (2008) 231-243, [arXiv : 0707 . 1153]. 

J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev, On planar gluon 
amplitudes/ Wilson loops duality, Nucl.Phys. B795 (2008) 52-68, 
farXiv: 0709. 23681. 



31 



[9] J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev, Conformal Ward 
identities for Wilson loops and a test of the duality with gluon amplitudes, 
Nucl.Phys. B826 (2010) 337-364, [arXiv : 0712 . 1223]. 

[10] J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev, The hexagon Wilson loop 
and the BDS ansatz for the six-gluon amplitude, Phys.Lett. B662 (2008) 456-460, 
[arXiv: 0712. 4138]. 

[11] Z. Bern, L. Dixon, D. Kosower, R. Roiban, M. Spradlin, et al., The Two-Loop 
Six-Gluon MHV Amplitude in Maximally Supersymmetric Yang-Mills Theory, 
Phys.Rev. D78 (2008) 045007, [arXiv : 0803 . 1465]. 

[12] C. Anastasiou, A. Brandhuber, P. Heslop, V. V. Khoze, B. Spence, et al., Two-Loop 
Polygon Wilson Loops in N=4 SYM, JEEP 0905 (2009) 115, [arXiv : 0902 . 2245]. 

[13] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron-Huot, and J. Trnka, The 
All-Loop Integrand For Scattering Amplitudes in Planar N=4 SYM, JEEP 1101 
(2011) 041, [arXiv: 1008.2958]. 

[14] D. Kosower, R. Roiban, and C. Vergu, The Six-Point NMEV amplitude in 

Maximally Supersymmetric Yang-Mills Theory, Phys.Rev. D83 (2011) 065018, 
[arXiv: 1009. 1376]. 

[15] L. F. Alday and J. M. Maldacena, Gluon scattering amplitudes at strong coupling, 
JEEP 0706 (2007) 064, [arXiv : 0705 . 0303]. 

[16] N. Berkovits and J. Maldacena, Fermionic T-Duality, Dual Superconformal 

Symmetry, and the Amplitude /Wilson Loop Connection, JEEP 0809 (2008) 062, 
[arXiv: 0807. 3196]. 

[17] M. Bullimore and D. Skinner, Eolomorphic Linking, Loop Equations and Scattering 
Amplitudes in Twistor Space, arXiv : 1101 . 1329. 

[18] L. F. Alday, B. Eden, G. P. Korchemsky, J. Maldacena, and E. Sokatchev, From 
correlation functions to Wilson loops, JEEP 1109 (2011) 123, [arXiv : 1007 . 3243]. 

[19] B. Eden, G. P. Korchemsky, and E. Sokatchev, From correlation functions to 
scattering amplitudes, JEEP 1112 (2011) 002, [arXiv: 1007.3246]. 

[20] B. Eden, G. P. Korchemsky, and E. Sokatchev, More on the duality 

correlators/amplitudes, Phys.Lett. B709 (2012) 247-253, [arXiv: 1009 . 2488]. 

[21] B. Eden, P. Heslop, G. P. Korchemsky, and E. Sokatchev, The 

super- correlator /super- amplitude duality: Parti, arXiv : 1103 . 3714. 

[22] B. Eden, P. Heslop, G. P. Korchemsky, and E. Sokatchev, The 

super- correlator/super- amplitude duality: Part II, arXiv: 1103.4353. 

[23] T. Adamo, M. Bullimore, L. Mason, and D. Skinner, A Proof of the Supersymmetric 
Correlation Function / Wilson Loop Correspondence, JEEP 1108 (2011) 076, 
[arXiv: 1103.4119]. 



- 32 - 



M. Bullimore and D. Skinner, Descent Equations for Superamplitudes, 
arXiv: 1112. 1056. 

S. Caron-Huot and S. He, Jumpstarting the All-Loop S-Matrix of Planar N=4 Super 
Yang-Mills, JHEP 1207 (2012) 174, [arXiv : 1112 . 1060]. 

S. Caron-Huot, Superconformal symmetry and two-loop amplitudes in planar N=4 
super Yang-Mills, J 'HEP 1112 (2011) 066, [arXiv : 1105 . 5606]. 

N. Beisert and C. Vergu, On the Geometry of Null Polygons in Full N=4 Superspace, 
Phys.Rev. D86 (2012) 026006, [arXiv : 1203 . 0525]. 

N. Beisert, S. He, B. U. Schwab, and C. Vergu, Null Polygonal Wilson Loops in Full 
N=4 Superspace, J.Phys. A45 (2012) 265402, [arXiv: 1203. 1443]. 

A. Galperin, E. Ivanov, S. Kalitsyn, V. Ogievetsky, and E. Sokatchev, Unconstrained 
O ff -Shell N =3 Super symmetric Yang-Mills Theory, Class. Quant. Grav. 2 (1985) 155. 

E. Sokatchev, An Action for N=4 supersymmetric selfdual Yang-Mills theory, 
Phys.Rev. D53 (1996) 2062-2070, [hep-th/9509099]. 

W. Siegel, The N=4 string is the same as the N=2 string, Phys.Rev. Lett. 69 (1992) 
1493-1495, [hep-th/9204005]. 

R. Boels, L. Mason, and D. Skinner, Supersymmetric Gauge Theories in Twistor 
Space, JEEP 0702 (2007) 014, [hep-th/0604040]. 

A. Galperin, E. Ivanov, V. Ogievetsky, and E. Sokatchev, Harmonic superspace. 
Cambridge University Press, 2001. 

E. Witten, Chern-Simons gauge theory as a string theory, Prog. Math. 133 (1995) 
637-678, [hep-th/9207094]. 

E. Sokatchev, AN OFF-SHELL FORMULATION OF N=4 SUPERSYMMETRIC 
YANG-MILLS THEORY IN TWISTOR HARMONIC SUPERSPACE, Phys.Lett. 
B217 (1989) 489-495. 

G. Chalmers and W. Siegel, The Selfdual sector of QCD amplitudes, Phys.Rev. D54 
(1996) 7628-7633, [hep-th/9606061]. 

T. Adamo, M. Bullimore, L. Mason, and D. Skinner, Scattering Amplitudes and 
Wilson Loops in Twistor Space, J.Phys. A44 (2011) 454008, [arXiv : 1104 . 2890]. 

R. P. Thomas, A holomorphic Casson invariant for Calabi-Yau 3-folds, and bundles 
on K3 fibrations, ArXiv Mathematics e-prints (June, 1998) [math/9806111]. 

B. Khesin and A. Rosly, Polar homology and holomorphic bundles, Royal Society of 
London Philosophical Transactions Series A 359 (July, 2001) 1413, [math/0102152]. 

I. Frenkel and A. Todorov, Complex Counterpart of Chern-Simons- Witten Theory 
and Holomorphic Linking, ArXiv Mathematics e-prints (Feb., 2005) [math/0502169]. 

T. Adamo and L. Mason, MHV diagrams in twistor space and the twistor action, 
Phys.Rev. D86 (2012) 065019, [arXiv : 1103 . 1352]. 



- 33 - 



[42] L. Mason and D. Skinner, An Ambitwistor Yang-Mills Lagrangian, Phys.Lett. B636 
(2006) 60-67, [hep-th/0510262]. 

[43] F. Delduc and J. McCabe, THE QUANTIZATION OF N=3 SUPERYANG-MILLS 
OFF-SHELL IN HARMONIC SUPERSPACE, Class. Quant. Grav. 6 (1989) 233. 

[44] J. J. Heckman and H. Verlinde, Super Yang-Mills Theory as a Twistor Matrix 
Model, arXiv: 1104.2605. 

[45] R. Dijkgraaf and E. Witten, Topological Gauge Theories and Group Cohomology, 
Commun.Math.Phys. 129 (1990) 393. 

[46] M. R. Douglas, On D=5 super Yang-Mills theory and (2,0) theory, JHEP 1102 
(2011) Oil, [arXiv: 1012.2880]. 

[47] N. Lambert, C. Papageorgakis, and M. Schmidt-Sommerfeld, M5-Branes, DJ^-Branes 
and Quantum 5D super-Yang-Mills, JHEP 1101 (2011) 083, [arXiv: 1012.2882]. 

[48] J. Kallen, J. Minahan, A. Nedelin, and M. Zabzine, N s -behavior from 5D Yang-Mills 
theory, JHEP 1210 (2012) 184, [arXiv: 1207.3763]. 

[49] Z. Bern, J. J. Carrasco, L. J. Dixon, M. R. Douglas, M. von Hippel, et al., D = 5 
maximally super symmetric Yang-Mills theory diverges at six loops, 
arXiv: 1210.7709. 

[50] E. Witten, An Interpretation of Classical Yang-Mills Theory, Phys.Lett. B77 (1978) 
394. 

[51] J. Isenberg, P. Yasskin, and P. Green, Nonselfdual Gauge Fields, Phys.Lett. B78 
(1978) 462-464. 

[52] N. Berkovits and L. Motl, Cubic twistorial string field theory, JHEP 0404 (2004) 
056, [hep-th/0403187]. 

[53] L. Mason and M. Wolf, Twistor Actions for Self-Dual Supergravities, 
Commun.Math.Phys. 288 (2009) 97-123, [arXiv: 0706. 1941]. 

[54] A. Boggess, CR Manifolds and the Tangential Cauchy Riemann Complex. CRC 
Press, September, 1991. 

[55] P. S. Howe and G. Hartwell, A Superspace survey, Class. Quant. Grav. 12 (1995) 
1823-1880. 

[56] P. C. West, Introduction to rigid supersymmetric theories, hep-th/9805055. 



-34- 



